In this paper we expand the Box Method of Sorwar et al. (2007) to value both default free bonds and interest rate contingent claims based on one factor non-linear interest rate models. Further we propose a one-factor non-linear interest rate model that incorporates features suggested by recent research. An example shows the extended Box Method works well in practice.
Introduction
Stochastic differential equations are the foundations on which modern option pricing methodology is based. However, non-linear stochastic differential equations for interest rate models have been proposed that captures the non-linear dynamics of the spot interest rates. There are two aspects to the modeling of interest rate term structure models and interest rate contingent claims. The first concerns the econometric aspects (see for example, [1] ) and the second the numerical implementation of the resulting models. With regard to the numerical aspects of interest rate modeling, there exist three different approaches. The first is the lattice approach introduced by Cox-Ross-Rubinstein (1979) [2] . However, as Barone-Adesi, Dinenis and Sorwar (1997) [3] have demonstrated the lattice approach does not always lead to meaningful bond and hence contingent claim prices. The second approach is the Monte-Carlo simulation approach introduced by Boyle (1977) is mainly used to value path dependent European type contingent claims. To date no single accepted Monte-Carlo simulation scheme has been put forward for the valuation of American type contingent claims. The third approach is the partial differential equation (PDE) approach. With this approach, the partial first and second order derivatives are discretized to produce a system of equations which are then solved iteratively to obtain the bond and contingent claim prices. However, Sorwar et al. (2007) have shown that the usual finite difference approach used to discretize the PDE does not always lead to bond and contingent claim prices that correspond with analytical prices where these prices are available. Sorwar et al. (2007) introduced the Box Method from engineering to improve on the standard finite difference approach. Sorwar et al. (2007) focused on the CKLS (1992) model. Sorwar et al. (2007) did not attempt to value bonds and contingent claims based on non-linear interest rate models. Ait-Sahalia (1996) [4] non-and Conley et al. (1997) [5] propose parametric linear one-factor which allows non-linear parameterisation. Our main objective in this paper is to expand the Box Method of Sorwar et al. (1997) to price bonds and contingent claims based on both linear and non-linear interest rate models.
The outline of the paper is as follows: Section 2 the general non-linear parametric model and the resulting partial differential equation for default free bonds and contingent claims is outlined. We then derive the Expanded Box Method (EBM) for the valuation of default free bonds and contingent claims. Using US estimates we compute implied bond and contingent claims prices in Section 3. Section 4 contains a summary and conclusion.
Expanded Box Method (EBM)
In this section we discuss the valuation of the bond and contingent claim prices based on the extended Ait-Sahalia (1996) [4] and Conley et al. (1997) [5] 
In equation (2) ( ) 
The above expression simplifies to yield:
We now integrate from the general value r ( ) 
We further note that:
Risk premium is treated differently by researchers. Vasicek (1977) [6] takes ( ) 
We now transform the interest rate as:
where c is a constant.
This leads to the transformation of equation (6) as:
where: 
Discretizing each of the above integrals, and rearranging gives us the following matrix equation: 
Discretizing each of the above integrals, and rearranging gives us the following matrix equation:
where: [12] used the following SOR iteration process to determine bond and contingent claims prices:
In particular they evaluated bond using the following expression:
Contingent claims were calculated using:
where Z is the intrinsic value of the contingent claim and for n=1,......,N-1, and ( ] 
Analysis of Results
In this section we apply the EBM using recent estimates of the non-linear model of Ait-Sahalia (1996) Table 2 reports the bond prices for maturities ranging from 6 months to 30 years and across interest rates of 2% to 16%. Table III reports both the value of call and put options across a wide range of interest rates. We consider both short and long dated call and put options. The short dated call and put options are based on a 5-year bond with an expiry date of 1 year and is during the last year before the bond matures. Similarly long dated options are based on 10-year bond with an expiry date of 5 years during the last 5 years of the bond. Finally both call and put option prices are calculated across a wide range of exercise prices. The exercise prices are chosen so as to highlight variation of prices for both in-the-money and out-of-the-money options. We assume λ, the market price of risk is zero.
Turning to Table 2 , we find that at lower interest rate bond prices decay slowly as the term to maturity increases. For example, at 2% interest rate a 1 year maturity bond is valued at 98.1119, whilst a 30 year bond is valued at 74.8290. At high interest rates, the bond price decay is more rapid for example at 16% interest rate, a 1 year maturity bond is valued at 85.2915, whist a 30 year maturity bond is valued at 1.1770. Turning to tions decay faster than longer expiry call options; for example at r = 4%; the price of a call option decreases from 16.0031 to 11.1959 when the exercise price in creases from 70 to 75. For a similar 5 year call option the price decreases from 21.9713 to 17.8062, when the exercise price increases from 60 to 65. Furthermore, the call option prices decrease at a slower rate at high interests. This feature becomes more pronounced for longer expiry call options. With regard to put options we find, the prices are very close to zero, when the options are at-themoney or out-of-the-money. Finally, we find that the value of in-the-money put options is dominated by the intrinsic-value.
Conclusions
The introduction of non-linear stochastic interest rate models has led to the possibility of valuing interest contingent claims that reflects the characteristics of the yield curve more accurately. In this paper we have expanded the Box Method to value both bond and American type interest rate contingent claims based on single factor non-linear interest rate models. We have found that the
